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Abstract A structural and vibrational study of protonated
formaldehyde (H2COH+) in its ground electronic state, at
the CCSD/cc-pVTZ theory level, is presented. The varia-
tion of the molecular structure with the torsion angle shows
clear dependence of the H2C wagging and COH angles.
Anharmonic one- and two-dimensional vibrational models
for two out-of-plane vibrational modes (H2C torsion, and
H2C wagging) are constructed. Since H2COH+ is classi-
fied under a G4 non-rigid group, the vibrational Hamilto-
nians are factorized using the symmetry of the G4 group and
solved variationally. The one-dimensional results for torsion
and wagging yield fundamental frequencies are 844.12 and
1,252.89 cm−1, respectively. A two-dimensional COH angle
+ torsion model gives a torsion frequency of 762.32 cm−1.
Finally, a wagging + torsion model predicts frequencies of
931.93 and 1,255.82 cm−1 for torsion and wagging, respec-
tively. The variation of frequency values for torsion suggests
an important coupling between this mode and the bending
and wagging vibration modes.

Keywords Anharmonic model · Structural study ·
Torsion · Wagging · Energy vibrational levels · Protonated
formaldehyde

1 Introduction

Protonated formaldehyde plays important roles in a wide
variety of processes, such as the combustion of hydrocarbon
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fuels, atmospheric pollution chemistry, chemistry on sur-
faces, catalytic processes, hydrogenation/dehydrogenation
chemistry, and especially in the chemistry governing
molecular formation in interstellar medium. Most theoretical
models about formation and evolution of molecules in inter-
stellar clouds predict that protonated formaldehyde,
H2COH+, plays an important role in the formation and deple-
tion of formaldehyde through ion–molecule reactions in gas
phase and surface reactions on dust grains [1–3].

Measurements of heats of formation showed that the most
stable isomer of H2COH+ bears the additional proton on the
oxygen atom [4]. Early theoretical studies using ab initio
methodology [5–9] also arrived at the same conclusion. The
first spectroscopic identification of protonated formaldehyde
in the laboratory was carried out by Amano and Warner in
1989 [3] using infrared spectroscopy. These authors found a
frequency of 3,422.8 cm−1 for the fundamental band of the
O–H stretching mode. DeFrees and McLean [10] obtained
values of 3,457 and 3,531 cm−1 for this mode using ab initio
calculations at the HF/6-31G(d) and MP2/6-31G(d) levels,
respectively.

Starting from the IR spectroscopy measurements of
Amano and Warner [3], Chomiak et al. [11] obtained more
accurate rotational transition frequencies using microwave
spectroscopy, in order to identify protonated formaldehyde in
the interstellar media. Using this information, H2COH+ was
detected in several high-mass star-forming regions by Ohishi
et al. in 1996 [12]. These authors assigned unmixed bands
of microwave spectrum transitions, indicating that H2COH+
exists in cold and dark clouds.

Several theoretical works have been carried out on pro-
tonated formaldehyde [5–10,13–32]. All these studies show
a planar structure of Cs symmetry as the minimum energy
structure, in agreement with the experimental data. Harmonic
frequencies have been computed in several of these works
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[10,17,20,21,23,24,26,28] for the equilibrium geometry.
The values have been contrasted with the available exper-
imental data for the O–H stretch mode in the cationic form
of protonated formaldehyde [3], and with some vibrational
modes of the B̃2A′(3p) radical [23,33,34]. The considered
vibration modes have been the H2C scissors and the out-of-
phase HCOH bending [33,34], as well as the in-phase HCOH
bending, CO stretching [23,33,34], and OH+ torsion [23].
In most cases, the theoretical values were in good agreement
with the experimental data.

Most theoretical works focussed on the energy variation
for the OH (H2C) moiety rotation around the C-O bond
[5,13,14,16,19,22,23]. In this form, different values
for the torsion barrier have been found. Thus, a value of
10,982.31 cm−1 was found by Ros [5] in a LCAO HF MO
SCF approximation. More recent ab initio studies have
reported barrier values of 9,093.6 and 8,464.1 cm−1 at the
MP3/6-31G(d) and MP3/3-21G levels [19], respectively. The
saddle point considered in these studies corresponds to a
rotated structure with a torsion angle of 90◦. In the last work
[19], the saddle point geometry was allowed to relax fully.
In a more recent MP2/6-311G(2df,2p) study by Johnson and
Hudgens [23], a barrier of 8,331 cm−1 was found.

The total energy variation of H2COH+ as a function of the
COH valence angle has also been considered [5,13,14,16,22,
25]. Due to the symmetry of the molecule, the COH angle is
symmetric with respect to the structure with collinear C, O,
and H atoms. Thus, it is possible to speak about a bending
barrier. The bending barrier has been calculated by several
authors. Thus, Ros [5] found a 6,015.79 cm−1 value using a
LCAO HF MO SCF approximation. Ab initio computations
provided values of 8,499.05 and 8,324.17 cm−1, from calcu-
lations at the MP2(FC)/6-311+G(d,p) and QCISD(T) (FC)/
6-311+G(3df,2p)//MP2(FC)/6-311+G(d,p) levels, respecti-
vely [25]. These values correspond to a maximum, for the
bending motion, in a structure of C2v symmetry with a COH
valence angle of 180◦.

The torsion motion of the proton in H2COH+ (or more
correctly, the torsion of the H2C moiety) can be considered
a periodic motion, with an angular dependence satisfying
the boundary conditions of a free rotor. Torsion and bend-
ing motions have been considered as the mechanisms for the
transformation between the two equivalent Cs planar struc-
tures of the molecule. In an early study, Ros [5] found more
energetically favourable the motion in the plane (bending)
than the torsional motion. Purcell and Collins [13] suggested
that the motion of the COH angle towards a linear structure
has associated a fair amount of mechanical anharmonicity.
Ohkubo et al. [14] and Bhattacharyya et al. [16] considered
the pure rotational and bending motions as the most impor-
tant transformation processes in H2COH+. Subsequently, ab
initio studies [22,25] were carried out on both motions. Stern
et al. [22] suggested that the planar pathway was energetically

preferred to the torsional pathway in protonated formalde-
hyde. These authors obtained a bending barrier smaller than
the torsional barrier at the HF/4-31G level. Suarez and Sordo
[25] characterized the saddle point structure for the bending
motion as a C2v structure at the MP2/6-311G+(d,p) theory
level. In this form, the work above mentioned reported two
different values of energy barriers, one for the motion of the
COH angle and other one for the OH torsion in the molecule.

On the other hand, up to now, only one study has been
reported considering anharmonic models, in particular for
the two out-of-plane modes in H2COH+: torsion and wag-
ging [23]. This work computes the vibrational energy levels
of the coupled modes using the grid Fourier Hamiltonian
[35], estimating the reduced inertia moments for the torsion
and wagging motions. The authors conclude that the tor-
sion and H2C wagging motions are mixed modes. The study
suggests that the cation exhibits weak vibrational couplings
for the spectroscopically important vibrational levels, unlike
the radical, where both motions are strongly coupled for all
the vibrational levels. This study predicts that mode mixing
in the cation becomes strong as the high torsion barrier is
approached.

In this work, we present a theoretical study of proton-
ated formaldehyde as a function of the OH torsional, and
H2C wagging motions, also considering the effect of the
COH bending angle. The coupling between these coordinates
is explicitly taken into account. One-dimensional potential
energy surfaces are determined for torsion and wagging.
Two-dimensional bending + torsion and wagging + torsion
motions are also considered. In this form, energy barriers
and saddle points are obtained, and the mechanism of inter-
conversion between the two symmetry equivalent Cs struc-
tures is fully characterized. Anharmonic vibrational models
are constructed, and solved variationally. The Hamiltonian
is simplified and the energy levels are classified by using the
non-rigid symmetry group of the molecule. In this form, new
values are predicted for the torsional and wagging vibrational
frequencies.

2 Methodology

The numbering convention used in this work for protonated
formaldehyde is shown in Fig. 1a. Using this convention, the
most direct definition of the torsional coordinate for the OH
(H2C) group, θ , is the dihedral H3C2O1H5, see Fig. 1b. The
bending motion is described by α that corresponds to the
C2O1H5 angle, see Fig. 1a. When the H2C wagging mode is
taken into account, the θ torsion angle and τ wagging coordi-
nates are defined with the help of the dummy atom X shown
in Fig. 1a. The τ coordinate is now defined as the H3C2XO1
dihedral, see Fig. 1c. In turn, the torsion coordinate is defined
by the XC2O1H5 angle, see Fig. 1d.
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Fig. 1 a Structure and numbering convention of protonated formal-
dehyde. X denotes a dummy atom. b Newman projection showing the
simplest definition of the θ angle. In this case the interchange of H3 and
H4 is defined by the transformation θ → θ+180◦. c Newman projection
showing the τ wagging angle, defined as the dihedral between planes

H3C2H4 and XC2O1. d Newman projection showing the θ torsional
angle, defined respect to an arbitrary plane containing O1, C2 and the
X dummy atom, for a conformation with a wagging angle τ �= 0◦. In
this case the interchange of H3 and H4 is defined by the transformation
θ → 180◦ − θ , see the grey image of H5

Different conformational analyses are performed comput-
ing different grids of points on the θ, α, and τ coordinates
using ab initio methodology. In these calculations, correla-
tion energy is accounted for at the CCSD level [36]. As basis
set, we use the correlation consistent triple-zeta cc-pVTZ
basis set [37]. The computations are carried out by fixing
at each point the angles of interest, allowing the rest of the
structure to relax fully. Stationary points, minima and saddle
points are specifically located on the potential energy hyper-
surface. At each point of the different conformational analy-
sis, harmonic frequencies are computed. In this form, in the
different anharmonic vibrational models presented, we can
account for the average effect of the remaining vibrations.
Assuming a harmonic behaviour, this effect is obtained by
including at each point of the potential energy hypersurface
the contribution to the zero point energy of the vibrations not
included in the vibrational model considered. This correc-
tion represents a Vibrational Adiabatic Correction, VAC. All
the calculations are carried out with the Gaussian03 pack-
age [38], running on a Computational Grid formed by three
clusters. Two of them (Ciudad Real, Spain) consist of 12
PCs each (Pentium IV, 2.4–3.0 GHz, 1 GB RAM). The third
cluster (Puebla, Mexico) is formed by nine PCs (64-bit
Opteron biprocessors, 1.66 GHz, 1 GB RAM). The Grid uses
GridWay1 as metascheduler, with Globus 4.0.32 as the basic
Middleware. The three clusters run under the cluster config-
uration and management system Rocks.3

Protonated formaldehyde can be classified under a G4

non-rigid group. This group is isomorphic to the C2v point

1 www.gridway.org, last visit on 5 September 2007
2 www.globus.org, last visit on 5 September 2007
3 www.rocksclusters.org, last visit on 5 September 2007

Table 1 Character table for the G4 permutation-inversion group of
protonated formaldehyde

G4 E (34) E∗ (34)∗

a1 1 1 1 1

a2 1 1 −1 −1

b1 1 −1 −1 1

b2 1 −1 1 −1

group and accounts for the interchange of the H3 and H4
atoms, (34) operation, see Fig. 1a, and the inversion of the
electronic and nuclear coordinates, E∗ operation. The charac-
ter table is shown in Table 1. When wagging is not taken into
account, Fig. 1b shows that the effect of the (34) operation
is to transform θ into 180 + θ . When wagging is considered,
Fig. 1d shows that now the effect of (34) is to transform θ

into 180 − θ .
The anharmonic vibrational models considered in this

work are derived from the general vibrational Hamiltonian
[39–41]:

Ĥ = − h̄2

2

3N−3∑

i=4

3N−3∑

j=4

[
gi j

∂2

∂qi∂q j
+

(
∂gi j

∂qi

)
∂

∂q j

]

+V (q1, . . . , qN−6) (1)

where the qis represent vibrational coordinates, gij are the ele-
ments of the roto-vibrational G matrix, and V is the potential
function, which depends on the qis coordinates. In turn, the
roto-vibrational G matrix is defined as [41]

G =
(

I X
X T Y

)−1

(2)
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Table 2 Structural parameters of protonated formaldehyde in its planar, Cs , equilibrium structure. The numbering convention is shown in Fig. 1.
Distances in Angstroms and angles in degrees

Parameter Valuea Valueb Valuec Valued Valuee Valuef Valueg

C2O1 1.246 1.246 1.251 1.249 1.259 1.369 1.248

H5O1 0.978 0.980 0.979 0.982 0.992 0.963 0.980

H3C2 1.088 1.086 1.093 1.089 1.090 1.082 1.074

H4C2 1.086 1.084 1.091 1.091 1.090 1.078 1.104
� H3C2O1 121.6 121.6 121.7 121.7 115.4 118.3 –
� H5O1C2 (α) 115.1 115.1 114.5 114.2 – – 115.5
� H4C2O1 115.9 115.7 – – 115.3 113.0 122.0

a This work, data at the CCSD/cc-pVTZ level
b Ref. [23], data at the MP2/6-311(2df, 2p) level
c Ref. [25], data at the QCISD(FC)/6-311+G(d, p) level
d Ref. [25], data at the MP2(FC)/6-311+G(d, p) level
e Ref. [29], data at the QCISD/6-31G(d) level
f Ref. [29], data at the MP2/6-311+G(2d, p) level
g Ref. [32], data at the MR-CISD+Q level

Here, I represents the inertia tensor, i.e. the overall rota-
tion contribution, Y corresponds to the pure vibration con-
tribution, and X represents the vibration–rotation interaction
(Coriolis term). The elements of I , X and Y are obtained
from the molecular structure as,

Iii =
n∑

α

mα

[
(rα)2 − (rαi )

2
]

Ii j = −
n∑

α

mαrαi rα j

Xi j =
n∑

α

mα

[
rα

(
∂rα

∂qi

)2
]

j

Yi j =
n∑

α

mα

(
∂rα

∂qi

)(
∂rα

∂q j

)

(3)

where the α index runs on the atoms in the molecule. All the
calculations related to the G matrix are carried out with the
KICO program [42]. For the different anharmonic vibrational
models build in this work, the kinetic and potential functions
are expressed as Fourier or Taylor expansions of symmetry
adapted to the a1 representation of the G4 non-rigid group
of protonated formaldehyde [43–45].

The vibrational Hamiltonian shown in Eq. (1) is vari-
ationally solved using the general formalism described in
Ref. [43]. In the present work, we use real free rotor basis
functions for torsion, and harmonic oscillator basis functions
for bending and wagging. As basis set we use symmetry
adapted basis functions obtained by projecting on the irre-
ducible representations of the G4 group. In this form, the
Hamiltonian matrix is factorized in blocks, and the energy
levels are automatically classified by symmetry. In the

Hamiltonian matrix, the integrals involving free rotor or har-
monic oscillator wavefunctions are computed as described
in references [44] and [45]. All the vibrational calculations
are carried out with the LAVCA program [46].

3 Results and discussion

After full molecular relaxation, the most stable structure
is found planar, θ = 0◦, with a C2O1H5 bending angle
(α) of 115.12◦, and a H3C2O1H4 dihedral of 180◦, (See
Fig. 1). This structure has Cs symmetry, in agreement with
the geometries reported in previous theoretical work [5–9,15,
17–20,22–25,27–32]. The optimized structural parameters
are collected in Table 2 where they are compared with some
previous results.

To analyse the variation of the structure as a function of
the torsion angle, we vary θ from 0◦ to 90◦ in increments of
10◦ (10 points). For each fixed θ value, the rest of the geom-
etry is allowed to fully relax. Figure 2 shows the resulting
potential energy curve as a function of the θ angle, with and
without the VAC correction. The maximum of the curve cor-
responds to a structure of C2v symmetry. This is a first-order
saddle point on the full hypersurface located at θ = 90◦,
with α = 180◦. Thus, the C2, O1 and H5 atoms are collin-
ear. Therefore, strictly speaking, in this structure the θ angle
is undefined. These results show that there is just one max-
imum defining the barrier for both, torsion and bending, in
contrast with previous results reporting independent barri-
ers [5,13,14,16,19,22,23,25]. Some authors [19] reported a
fully relaxed structure with α �= 180◦ for the torsion sad-
dle point. The difference is due to the use in these previous
works of a fixed C2O1H5 angle when considering the tor-
sional motion [19].
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Fig. 2 Potential energy variation of protonated formaldehyde as a
function of the θ torsional angle. The structures at the minima and max-
imum (saddle point, as described in the text) are included. Diamonds
mark the data points computed at the CCSD/cc-pVTZ level. Continuous
line corresponds to the VAC corrected data

The present calculations yield a torsion barrier of
8,550.95 cm−1. This value is in the order of previous the-
oretical values, as shown in Table 3. In particular, the pres-
ent value is close to the 8,331 cm−1 reported by Johnson
and Hudgens [23], from a two-dimensional potential energy
surface for wagging + torsion, obtained at the MP2/6-311G
(2df, 2p) level. Inclusion of the average effect of the remain-
ing vibrations in the torsion, VAC, reduces the torsion barrier
to 8,145.19 cm−1, (see Fig. 2).

The variation of the molecular structure with torsion is
illustrated in Fig. 3, using the α bending and the H4C2O1H3
dihedral (related to the H2C wagging) angles (see Fig. 1).
We observe that α increases with θ , reaching a maximum
of 180◦. On the other hand, the H4C2O1H3 dihedral distorts
from its original 180◦ value for θ = 0◦ to 158.4◦ for θ = 60◦.
A planar structure is recovered for θ = 90◦. Therefore, max-
imum deviations from equilibrium of 64.87◦ and −21.60◦
are observed for the θ and H4C2O1H3 angles, respectively.
The slope of the curve in Fig. 3a shows a small variation of
α with θ in the zone of not very large energy values (a maxi-
mum of about 4,000 cm−1, i.e. a range of θ about ±60◦, see
Fig. 1). On the other hand, Fig. 3b shows a larger variation of
dihedral H4C2O1H3 in the same zone. However, for θ values
larger than 60◦, the variation of α follows an increasing trend,
whereas τ decreases to its original value. Since θ is associ-
ated to the torsion, α to the bending, and dihedral H4C2O1H3
to the wagging vibration modes, the present results suggest
that the torsional and bending motions are as coupled as tor-
sion and wagging, both out-of-plane motions. With respect to
the C2O1 bond, the equilibrium value is 1.246 Å. The value
increases upon rotation, reaching 1.253 Å for θ = 60◦, and

Table 3 Barriers for torsion and bending for protonated formaldehyde.
Energy data in cm−1

Calculation level Torsion barrier Bending barrier

CCSD/cc-pVTZa 8,550.95 8,550.95

LCAO HF MO SCFb 10,982.31 6,015.79

CNDO/2c 7,694.61 8,044.37

INDO-SCFd 8,051.36 4,963.03

MP3/6-31G(d)e 9,093.60 –

MP3/3-21Ge 8,464.10 –

HF/STO-4Gf 8,638.90 4,511.80

MP2/6-311G(2df, 2p)g 8,331.00 –

MP2(FC)/6-
311+G(d,p)h

– 8,499.05

QCISD(T)(FC)/6-
311+G//

MP2(FC)76-
311+G(d,p)h

– 8,324.17

a This work, data at the CCSD/cc-pVTZ theory level
b Ref. [5]
c Ref. [13]
d Ref. [14]
e Ref. [19]
f Ref. [22]
g Ref. [23]
h Ref. [25]

decreasing to a minimum of 1.222 Å for θ = 90◦. The O1H5
bond distance shows a similar variation. We find an equi-
librium value of 0.978 Å. The distance increases to 0.979 Å
for θ = 50◦, and decreases to a minimum of 0.966 Å for
θ = 90◦. Those changes can be attributed to the unfavourable
orientation of the out-of-plane O1 2pz orbital for conjugation
with the C2 2pz orbital, upon rotation until θ reaches about
60◦. From there, the orientation is more and more favourable
when θ approaches 90◦ and the C2, O1 and H3 atoms are
collinear.

Harmonic frequencies are compared in Table 4 to previ-
ous harmonic theoretical and experimental data, using the
notation of Johnson and Hudgens [23]. In this notation, the
lowest frequency vibrations corresponding to the bending,
torsion and wagging motions, are identified as ν7, ν8, and
ν9, respectively. The harmonic frequency for torsion calcu-
lated in our work is ν8 = 1,042.44 cm−1. This value agrees
with the 1,034 cm−1 computed at the CCSD/aug-cc-pVDZ
level by Del Bene et al. [26], and the 1,052 cm−1 of Blowers
and Masel [29], obtained at the MP2/6-311+G(2d,p) level,
see Table 4. However, our value is larger than the experi-
mental value of 993 cm−1 for the protonated formaldehyde
B̃2A′(3p) radical reported by Johnson and Hudgens [23], and
taken by these authors as an estimation for the torsional fre-
quency of the cation. On the other hand, the fundamental
frequency for the ν7 bending mode is found 1,129.49 cm−1.
This value is in good agreement with previous values reported
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Fig. 3 Variation of the molecular structure of protonated formaldehyde
with torsion. a α bending angle. b H4C2O1H3 dihedral angle

in the literature, such as the 1,135 cm−1 obtained at the
MP2//HF/6-31G(d,p) theory level [28] and the 1,129 cm−1

[29] obtained at the MP2/6-311+G(2d,p) level, see Table 4.
The fundamental frequency for this mode is close to the
experimental value of 1,107 cm−1 for the B̃2A′(3p) radical
[34]. Finally, the ν9 wagging mode is found 1,266.96 cm−1,
in agreement with the 1,275 cm−1 and 1,250 cm−1 obtained
at the MP2//HF/6-31G(d,p) and MP2/6-311+G(2d,p) theory
levels as references [28] and [29], respectively, see Table 4.
Our present value is 7.8% larger than the 1,175 cm−1 reported
by Johnson and Hudgens [23], from a two-dimensional wag-
ging+torsion anharmonic model.

More accurate frequency estimations for the related ν7, ν8,
and ν9 modes could be obtained by building anharmonic
vibrational models. An anharmonic model for torsion can
be readily constructed to obtain torsional vibrational energy
levels. As torsional coordinate we use the θ angle, which is
the same torsional coordinate used in the work of Johnson
and Hudgens [23]. The kinetic values, Bθ , are obtained from
the roto-vibrational G matrix at each point of the confor-
mational analysis. In particular, for the equilibrium confor-
mation Bθ is found to be 33.09 cm−1. Kinetic and potential

functions are obtained by fitting these data to Fourier series
of symmetry adapted to the a1 representation of the G4 non-
rigid group. The potential energy function includes at each
point the average effect of the remaining vibrations (i.e., the
vibrational adiabatic correction, VAC, obtained as the ZPE
contribution of these vibrations). The Bθ value is undefined
for the θ = 90◦ conformation, as a consequence of the collin-
earity of the C2, O1, and H5 atoms. However, due to the very
high value of the energy barrier, the probability to find the
system for θ values close to 90◦ is negligible [47]. Thus, in
the fit of the kinetic term, we have considered Bθ values in the
range θ = 0◦−70◦. This range was selected as the one giving
the best regression equation according to the R2 (quadratic
correlation coefficient) and σ (standard deviation) parame-
ters. This interval corresponds to a potential energy variation
from 0.00 to 7,478.99 cm−1, see Fig. 2. The resulting fitted
expressions are collected in Table 5. For the potential, we
obtain a good correlation, with R2 = 0.999. On the other
hand, σ is found 105.83 cm−1. This value corresponds to a
small deviation since, in relative terms, the variation of the
predicted with respect to the observed values is small. The
apparent large σ value arises from the absolute contribution
of the data at high energy values.

The Hamiltonian is variationally solved using free rotor
basis functions of symmetry adapted to the irreducible repre-
sentations of the H2COH+ G4 non-rigid group, (see Table 1).
A total of 26 symmetry-adapted basis functions is used for
the a1 representation, and 25 for the a2, b1, and b2 rep-
resentations. The number of basis functions is selected as
the minimum needed to attain convergence in the first ten
energy levels for each irreducible representation. The tor-
sional energy levels are collected in Table 6. We can observe
that two states of different symmetry are found for each
energy value. These two levels are due to the tunnelling
splitting through the torsional barrier. This barrier is so high
that both levels lie together. We find that the fundamen-
tal frequency for the eight normal mode, v8 = 0 → 1, is
844.12 cm−1. This value disagrees with the 978 cm−1 esti-
mated by Johnson and Hudgens [23], from a wagging +
torsion two-dimensional calculation. The main difference
between the model of Johnson and Hudgens [23] and ours
is in the kinetic part of the vibrational Hamiltonian. These
authors use a fixed geometry corresponding to the structure of
a radical H2COH+. In this case, by population of an antibond-
ing orbital of π symmetry, the structure pyramidalizes due to
the loss of sp2 character of the carbon atom. A similar effect
is found in acetaldehyde when going from the ground singlet
state to the first excited singlet or triplet states [39,43,48–50].
However, as shown above, the structure of the protonated
formaldehyde cation is planar. Thus, the use of a pyrami-
dalized structure is translated in incorrect kinetic terms. In
addition, in Ref. [23] kinetic terms are assumed independent
of θ and are not obtained from the roto-vibrational G matrix.
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Table 4 Calculated and experimental vibrational frequencies of protonated formaldehyde. Data in cm−1. The normal modes notation is taken from
Ref. [23], where the symmetry is referred to the Cs point group

Normal mode Valuea Valueb Valuec Valued Valuee Valuef Experimental values

ν1(a′) OH stretch 3,656.97 3,511 3,625 3,635 3,386 3,594 3,422.8g

ν2(a′)CH2 asym stretch 3,269.59 3,214 3,280 3,378 3,155 3,286

ν3(a′)CH2 sym stretch 3,127.91 3,068 3,129 3,210 3,014 3,133

ν4(a′)CH2 scissors 1,502.51 1,463 1,477 1,522 1,424 1,507 1,465h 1,459i

ν5(a′) in phase HCOH bend 1,411.05 1,356 1,410 1,404 1,341 1,402 1,357h 1,351i 1,370j

ν6(a′) CO stretch 1,699.27 1,643 1,663 1,716 1,596 1,681 1,621h 1,623i 1,650j

ν7(a′) out of phase HCOH bend 1,129.49 1,092 1,122 1,135 1,079 1,129 1,107h 1,091i

ν8(a′′) Torsion 1,042.44 978 1,034 1,072 994 1,052 993h

ν9(a′′)CH2 wag 1,266.96 1,175 1,241 1,275 1,188 1,250

a This work, data at the CCSD/cc-pVTZ level
b Ref. [23], data at the MP2/6-311(2df, 2p) level
c Ref. [26], data at the CCSD/aug’-cc-pVDZ level
d Ref. [28], data at the MP2//HF/6-31G(d,p) level
e Ref. [29], data at the QCISD/6-31G(d) level
f Ref. [29], data at the MP2/6-311+G(2d, p) level
g Ref. [3], vibrational frequency of the cation
h Ref. [23], vibrational frequency of the B̃2A′(3p) radical
i Ref. [34], vibrational frequency of the B̃2A′(3p) radical
j Ref. [33], vibrational frequency of the B̃2A′(3p) radical

Anyway, to clarify the difference between the present results
and those of Johnson and Hudgens [23], we will consider the
effect of the ν9 wagging mode.

In a similar way to that of Ref. [23], we define the wagging
coordinate, τ , as the variation from equilibrium of the angle
between the planes H3C2H4 and XC2O1 (see Fig. 1c). We
perform a conformational analysis, taking into account the
inversion symmetry of the τ coordinate, considering a range
of values from 0◦ to 40◦ in increments of 10◦ (5 points).
Kinetic and potential terms are obtained by fitting a Taylor
series in the τ coordinate to the a1 representation of the G4
non-rigid group. As in the one-dimensional torsional case, the
data used for the potential energy fit were corrected using the
VAC. The results are collected in Table 5. We observe that
the proposed expression accurately fits the data.

Due to the inversion symmetry of the τ coordinate, we
use for the variational treatment basis functions symmetry
adapted to the a1 and a2 irreducible representations of the G4

non-rigid group. A total of 26 and 25 basis functions is used
for the a1 and a2 representation, respectively. With this basis
size, convergence in the first five energy levels is achieved.
The energy levels are collected in Table 6. We observed that
our one-dimensional wagging model yields a v9 = 0 → 1
frequency of 1,252.89 cm−1. This value is closer than the
harmonic (1,266.96 cm−1) to the 1,175 cm−1 found with
the two-dimensional model of Ref. [23]. Thus, respect to
wagging, the one and two-dimensional models yield similar
results.

To compare our results with those of Johnson and Hudgens
[23], we build a two-dimensional model for torsion and wag-
ging, using the θ and τ coordinates, respectively. θ and τ were
varied from 0◦ to 90◦ and from −40◦ to 40◦ (90 points),
respectively. Figure 4 shows the resulting potential energy
hypersurface (without VAC). The potential hypersurface
shows a double minimum arising from the θ coordinate rota-
tional symmetry, see Fig. 4, for θ = 0◦ and 180◦, with τ =
0◦. These minima correspond to the equilibrium structure. On
the other hand, we observe a saddle point located at τ = 0◦.
This is the same saddle point found as the maximum of energy
for the torsional motion in the one-dimensional study (see
Fig. 2). The kinetic terms are obtained for each (θ , τ ) cou-
ple from the elements of the roto-vibrational G matrix. Now,
three kinetic terms appear; Bθ , Bτ , and Bθτ , corresponding to
the torsion, wagging and torsion–wagging coupling. For the
equilibrium conformation we find Bθ = 33.11, Bτ = 41.84,
and Bθτ = 2.65 cm−1. In similar form to the previous mod-
els, kinetic and potential energy functions are obtained by
fitting to a two-dimensional Fourier + Taylor series expan-
sions in θ and τ , respectively. The fits are symmetry-adapted
to the a1 representation of the G4 non-rigid group, by pro-
jecting on the a1 representation. We consider θ values in the
range −60◦ to 60◦, since it provides the best results according
to the correlation coefficient, R2, and standard deviation, σ .
The data used for the potential energy fit were corrected using
the VAC. Table 7 collects the resulting kinetic and potential
functions. From the results collected in Table 7 we observe
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Table 5 Fits of the potential
and kinetic terms for protonated
formaldehyde. One-dimensional
models

Torsion Wagging

Term V(θ) B(θ) Term V(τ ) B(τ )

Cte. 3,790.1787 35.9456 Cte. – 41.5096

cos(2θ) −4,192.5806 −4.4897 τ 2 2.9098 –

cos(4θ) 402.4019 2.3172 τ 4 −4.2757×10−5 6.6674×10−7

cos(6θ) – −0.8983

R2 0.999 0.987 R2 1.000 0.993

σ 105.830 0.276 σ 0.953 0.060

that the expansions proposed fit accurately the data, with a
σ value close to the value found for the torsion. The small
value of the mixed coefficients in the potential terms suggests
a small but clear potential coupling between the torsion and
wagging motions, see Table 7.

In the present model, the anharmonic Hamiltonian is
solved by using hybrid free rotor (torsion) + harmonic oscil-
lator (wagging) basis functions symmetry adapted to each
representation of the G4 non-rigid group. In total, 105 basis
functions were used for the a1, a2, b1, and b2 representa-
tions. This basis size attains convergence in the first eight
energy levels for each representation. The torsional + wag-
ging energy levels are collected in Table 8. Now, we observe
a tunnelling splitting of a few hundredths of wavenumber.
The calculated frequency for the v8 = 0 → 1 torsional tran-
sition is 931.93 cm−1. A value of 993 cm−1 was reported
by Johnson and Hudgens [23], from its two-dimensional
wagging + torsion study, from data obtained at the MP2/6-
311+G(2df, 2p). We can attribute mainly the difference to
the inclusion, through the VAC, of the average coupling
with the remaining vibrations. These values are larger than
the 844.12 cm−1 obtained from our previous one-dimen-
sional model. On the other hand, the present calculations
yield a v9 = 0 → 1 wagging frequency of 1,255.82 cm−1.
Johnson and Hudgens [23] found 1,175 cm−1 for this fre-
quency in their two-dimensional study. The present value is
slightly larger than the 1,252.89 cm−1 found with the one-
dimensional models. These results suggest that the coupling
between torsion and wagging is important in determining
the torsional frequency. Thus, torsion and wagging need to
be considered coupled in the vibrational models.

On the other hand, the structural variation of the α angle
as a function of θ observed in Fig. 3, suggests a signifi-
cant coupling of these two coordinates. Thus, we build a
two-dimensional model using the θ and α coordinates. α is
related to the bending vibrational mode, but cannot be con-
sidered a true bending coordinate, since bending involves
also the angle H3C2H4, (see Fig. 1). To perform the two-
dimensional study, α was varied in the range 90◦ to 180◦,
and θ from 0◦ to 90◦ using increments of 10◦ (100 points).

Table 6 Vibrational energy levels for the torsional and wagging
motions of protonated formaldehyde. Energy data in cm−1

Torsiona Waggingb

v8 Symm. Energy v9 Symm. Energy

0 a1, b1 0.00 0 a1 0.00

1 a2, b2 844.12 1 a2 1,252.89

2 a1, b1 1,702.74 2 a1 2,501.55

a First energy level at 419.93 cm−1 of the potential well
b First energy level at 627.65 cm−1 of the potential well
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Fig. 4 Isocontour potential energy map as a function of the θ torsion
angle and the wagging coordinate, τ . Interval between isocontour lines
1,500 cm−1. Darker zones correspond to lower energy zones. The struc-
tures of the minimum and saddle point are included

Figure 5 shows the resulting potential energy hypersurface
(without VAC). The potential hypersurface shows a double
minimum arising from the θ coordinate rotational symmetry,
(see Fig. 5), for θ = 0◦, θ = 180◦, and α = 115.12◦. On the
other hand, we observe a saddle point at α = 180◦. This is
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Table 7 Fits of the potential and kinetic terms for protonated formaldehyde. Two-dimensional wagging + torsion model

Wagging + torsion

Term V (θ, τ ) Bθ Bθτ Bτ

Cte. 4,238.5696 38.6001 0.9939 40.4336

cos(2θ ) −4,332.7618 −8.2798 0.4496 1.1989

cos(4θ ) −154.4226 3.6873 – –

cos(6θ ) 248.6148 −1.0203 0.1546 –

τ 2 2.8568 −0.0014 −0.0006 0.0001

τ 4 −4.8982×10−5 – 6.7185 × 10−07 1.1481 × 10−06

τ 6 – −6.3671 × 10−11 −3.7432 ×10−10 −3.1444 × 10−10

cos(2θ)τ 2 0.1067 0.0009 −0.0003 −0.0006

cos(2θ)τ 4 5.6295×10−5 – – –

cos(2θ)τ 6 – 1.9840 ×10−10 2.2184 × 10−10 7.9482 × 10−11

cos(4θ)τ 2 – −0.0002 −0.0004 −0.0002

cos(4θ)τ 4 – −2.8811 × 10−07 1.1778 × 10−06 7.2941 × 10−07

cos(4θ)τ 6 1.8109×10−8 – −5.7931 × 10−10 −2.7021 × 10−10

cos(6θ)τ 2 – – −0.0005 –

cos(6θ)τ 4 – 1.2353 × 10−07 2.3502 × 10−07 −2.7461 × 10−07

cos(6θ)τ 6 – – – 1.3313 × 10−10

sin(θ)τ 18.0502 −0.0096 −0.0514 0.0334

sin(θ)τ 3 −0.0023 −1.4390 × 10−05 – 8.2972 × 10−06

sin(θ)τ 5 – 3.4711 × 10−09 −6.3694 × 10−09 −4.8502 × 10−09

sin(3θ)τ 4.4500 0.0114 −0.0172 −0.0067

sin(3θ)τ 3 −0.0016 7.2499 × 10−06 – −2.5880 × 10−06

sin(3θ)τ 5 – – 1.6453 × 10−09 –

sin(5θ)τ −6.2469 – 0.0037 –

sin(5θ)τ 3 0.0016 −4.7512 × 10−06 – 2.7699 × 10−06

sin(5θ)τ 5 – – – −1.3004 × 10−09

R2 0.999 0.998 0.991 0.998

σ 115.049 0.102 0.125 0.039

the same saddle point found as the maximum of energy for
the torsional motion in the one-dimensional study (see Fig. 2).
The kinetic terms are obtained at each (θ, α) couple from
the elements of the roto-vibrational G matrix. Now, three
kinetic terms appear; Bθ , Bα , and Bθα , corresponding to the
torsion, bending and torsion-bending coupling. For the equi-
librium conformation we find Bθ = 33.05, Bα = 19.81,
and Bθα = 0.0 cm−1. In this case, kinetic and potential
energy functions are obtained by fitting to a two-dimensional
Fourier + Taylor series expansions in θ andα, respectively. As
usual, the fits are symmetry-adapted to the a1 representation
of the G4 non-rigid group, by projecting on the a1 represen-
tation. Due to the collinearity of the C2, O1 and H5 atoms,
we select a range of 90–150◦ for the α angle. Table 9 collects
the resulting kinetic and potential functions. The potential
energy fit used data corrected with the VAC. The accuracy
of the fits was assessed by the R2 and σ estimates. From

the results collected in Table 9, we observe that the expan-
sions proposed fit the data in a similar way to the torsion and
wagging + torsion models. The existence of terms with large
mixed coefficients in θ and α shows an important coupling
between both coordinates.

As in the previous two-dimensional model the Hamiltonian
is solved using hybrid free rotor + harmonic oscillator basis
functions symmetry adapted to each irreducible representa-
tion. A total of 60 basis functions was used for the a1 repre-
sentation, and 55 for the a2, b1, and b2. This basis size attains
convergence in the first ten energy levels for each represen-
tation. The torsional + bending energy levels are collected in
Table 8. The calculated frequency for the v8 = 0 → 1 tor-
sional transition is 762.32 cm−1. The pseudo-bending coor-
dinate, α, yields a v′

7 = 0 → 1 frequency of 1,202.66 cm−1.
However, due to the lack of correspondence of α with the
actual bending coordinate this value can not be taken as
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Table 8 Vibrational energy levels for the two-dimensional, wagging + torsion and bending + torsion anharmonic models of protonated formaldehyde.
Energy data in cm−1

Wagging + torsiona Bending + torsionb

v9 v8 Symm. Energy v′c
7 v8 Symm. Energy

0 0 a1 0.00 0 0 a1, b1 0.00

0 0 b2 0.01 1 0 a1, b1 1,202.66

0 1 a2, b1 931.93 0 1 a2, b2 762.32

1 0 a2 1,255.82 1 1 a2, b2 1,969.55

1 0 b1 1,255.86 0 2 a1, b1 1,594.27

0 2 a2 1,910.58

0 2 b2 1,910.59

a The first energy level is placed at 1083.02 cm−1 of the potential well
b The first energy level is placed at 736.22 cm−1 of the potential well
c v′

7 corresponds to the pseudo-bending mode
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Fig. 5 Isocontour potential energy map as a function of the θ torsion
and α bending angles. Interval between isocontour lines 1,500 cm−1.
Darker zones correspond to lower energy zones. The structures of the
minimum and saddle point are included

estimation for the bending vibrational mode. The frequency
of the torsional mode is much smaller than in the previous
models. This fact shows the existence of an important cou-
pling between torsion and bending, although the lack of cor-
respondence between α and the ν7 mode prevents us from
giving an absolute meaning to the value.

4 Conclusions

In this work, we present a structural and vibrational study of
protonated formaldehyde in its X̃1A′ground electronic state
at the CCSD/cc-pVTZ level of theory. The results show the
equilibrium conformation to be a planar Cs symmetry struc-
ture, in agreement with the previous theoretical work. The

maximum for the barrier to rotation of the H2C moiety is
found for a conformation where the COH atoms are collin-
ear, corresponding to a first order saddle point on the poten-
tial energy hypersuface. The barrier is found 8,550.95 cm−1

corresponding to the rotation of the H2C group, but also
to the bending barrier for the COH angle. Considering the
contribution of the remaining vibrations to torsion (i.e., the
contribution to the zero point energy) the barrier becomes
8,145.19 cm−1.

The dependence of the structure with the torsional motion
is studied by analysing the variation of structural parameters
with the torsional angle, θ . We find a clear dependence of
the COH bending and the H2C out-of-plane wagging angles
with torsion. These coordinates, together with the torsion, are
associated to the three vibration modes of lower frequency.
This fact suggests that these three vibrational motions should
be coupled together. On the other hand, the CO and OH
distances reach a maximum in the interval 50◦ ≤ θ ≤ 60◦,
as a consequence of the poor orientation for conjugation of
the pz orbitals of carbon and oxygen. On the other hand, the
minimum for both distances appears at the maximum of the
torsion barrier, for a COH angle of 180◦. This is a conse-
quence of the collinearity of the C, O and H atoms that cor-
responds to the most favourable position for conjugation of
the carbon and oxygen 2pz orbitals.

One-dimensional anharmonic models for torsion and
the H2C wagging were built. These models are adapted to
the non-rigid group symmetry of CH2COH+, and include the
average effect of the coupling with the remaining vibrations.
The corresponding vibrational Hamiltonians are variation-
ally solved. They yield fundamental frequencies of 844.12
and 1,252.89 cm−1 for torsion and wagging, respectively.
The frequency for wagging is not too far from the 1,175 cm−1

found previously by Johnson and Hudgens [23] from a two-
dimensional wagging + torsion anharmonic model. However,
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Table 9 Fits of the potential and kinetic terms for protonated formaldehyde. Two-dimensional bending + torsion model

Bending + torsion

Term V (θ, α) Bθ Bθα Bα

Cte. 4,024.6677 31.9657 −0.2096 19.8511

cos(2θ ) −4,865.9399 0.3192 0.0409 −0.0493

cos(4θ ) 841.2722 – 0.1337 0.0163

α −34.0849 0.2977 −2.0928×10−3 0.0455

α2 4.5674 0.0192 1.0515×10−5 −2.0067×10−4

α3 −0.0463 6.3406×10−4 −9.0013×10−7 3.7943×10−7

cos(2θ)α 48.2332 – 4.0790×10−4 −9.4842×10−3

cos(4θ)α −12.3908 – 1.2140×10−3 2.0292×10−3

cos(2θ)α2 1.8006 3.3576×10−4 −2.3383×10−5 1.6388×10−4

cos(4θ)α2 −0.3988 – – −5.5954×10−5

cos(2θ)α3 −0.0212 – – −1.1490×10−6

cos(4θ)α3 0.0061 – 6.5421×10−7 –

R2 0.996 0.997 0.921 1.000

σ 190.643 1.153 0.036 0.015

the torsional frequency disagrees with the 978 cm−1 found
previously in the same two-dimensional study.

To consider the coupling between torsion and COH
bending and H2C wagging, two-dimensional anharmonic
models were built. Thus, a bending + torsion anharmonic
Hamiltonian is constructed and variationally solved. The
model includes the average effect of the coupling with the
remaining vibrations. The results yield a torsion frequency of
762.32 cm−1. This result differs from our one-dimensional
torsional model (844.12 cm−1) and the two-dimensional
results of Johnson and Hudgens [23] (978 cm−1). This fact
shows that the coupling of torsion with the in-plane defor-
mation of the molecule is important. On the other hand, a
wagging + torsion two-dimensional Hamiltonian is also con-
structed. Again, the model includes the average effect of the
remaining vibrations. The Hamiltonian is solved variation-
ally, yielding frequencies of 931.93 and 1,255.82 cm−1 for
torsion and wagging, respectively. A small tunnelling split-
ting of a few hundredths of wavenumber is observed. Now,
the results are close to the 978 and 1,175 cm−1 values found
by Johnson and Hudgens [23]. The torsional frequency dif-
fers from the 844.12 cm−1 one-dimensional result, showing
the existence of coupling between torsion and wagging.

The previous results show the existence of an important
coupling among the three lowest frequency vibration modes
of protonated formaldehyde: torsion, wagging and bending.
However, whereas torsion and wagging can be described with
a single curvilinear, internal, coordinate, the same is not true
for bending, since it involves not only the COH angle, but
also the HCH angle of the H2C moiety.
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